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Abstract 

We compute equations for a Hurwitz curve of genus 17 and we 
conclude that the canonical ideal of any Hurwitz curve of genus 14 or 
17 is generated by quadrics [j] 

1 Introduction 

The curve alluded in the title is one of the 2 Hurwitz curves of genus 17 and 
the aim of this paper is to show that the ideal of the canonical embedding of 
this curve is generated by quadrics (see Theorem llO.ip . A similar conclusion 
is reached in the genus 14 case (see Theorem II 1 . 1 j) . The proof is an application 
of Petri's Analysis of the Canonical Ideal (see for instance [9],[T|,[8] or [10 J ) 
and makes use of an explicit basis for the space of quadrics in the ideal 
of the curve. To compute this basis we follow the method used in [7J for 
the case of the Hurwitz curves of genus 14; that is, we study the action of 
the curve's automorphism group G on the global sections of tensor powers 
of the canonical sheaf (see §5]). Although calculations in the genus 17 case 
are similar to those in [TJ, some computations turned out to be very slow: 
namely, those of the matrices (|34j) and (140 p and somehow the application of 
Petri's Analysis of the Canonical Ideal. One can convince oneself from the 
calculation of the quadrics that, it is possible to obtain equations for the 
remaining genus 17 and genus 14 Hurwitz curves by applying appropriate 
elements of the absolute Galois group Gal(Q, Q) to the coefficients of the 
equations of the curves considered here. In the genus 14 case, this had already 
been observed in [12]. It follows that the canonical ideal of any genus 14 or 
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genus 17 Hurwitz curve is generated by quadrics. Most calculations were 
carried out with the help of Gap jl] and ParGap [3J. The matrices (j34p and 
(140]) can be obtained from me in case someone needs to compute explicitly 
this basis of quadrics and wants to save some time. 

Very little is known about the genus 17 Hurwitz curves and the infor- 
mation available to us about their automorphism group comes from [2] and 
jl 1J . One could highlight the fact that there is only one Hurwitz group G 
of genus 17 and that it can be realized as the automorphism group of 2 non 
isomorphic genus 17 curves X\ and X 2 (see Section H] for the definition of 
Xi). Unlike the Hurwitz groups of genus 3,7 and 14 our group G is not simple 
and has a normal subgroup N isomorphic to (Z/2Z) 3 . One has that G/N is 
PSL(2, F 7 ) and X 1 /N = X 2 /N is the Hurwitz curve of genus 3. 

We remark that it is not known a way to represent a general curve of 
genus g by means of polynomial equations, except for small values of g (see [5] 
Chap. 6 ); and that although for some genera it is possible to give equations 
of special curves, it appears that for the genus 14 and genus 17 cases the 
Hurwitz curves are the only ones so far for which equations defining them 
can be computed. 

2 Notation 

We keep our notation as in j7|. Given a curve X and h GAut(X) with fixed 
point set fix(h) = {pi, . . . ,p u } then 

d x h = (dh pi , . . .,dh Pu ), 

where dh Pi is the eigenvalue of h acting on Kx, Pt , where Kx, Pi is the fibre of 
the canonical line bundle of X at p^. 

If G is a finite group then Wi, . . . , W s denote its complex irreducible repre- 
sentations and X\i ■ ■ ■ Xs denote the corresponding characters. Given a CG- 
module M we write Myy. for the sum of all CG-submodules of M isomorphic 
to Wi. The projection M — > Mw, is denoted by ir\j\/, r For h G G, p(h) Vj 
denotes the projection from M to the z/j-eigenspace of h in M. Throught 
this paper we denote by G to the Hurwitz group of genus 17. 
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3 The automorphism group 



In terms of generators and relations our group G has the following two in- 
equivalent presentations (see 



G = (P, Q | P 7 = Q 8 = {QP 2 f = (QP 3 ) 2 = Q 4 PQ 4 P 4 Q 4 P 2 = 1) (1) 
* (P, Q | P 7 = Q 8 = (QP 2 ) 3 = (QP 3 ) 2 = Q 4 PQ 4 P 2 Q 4 P 4 = 1). (2) 



such that U 2 = T 3 = (T 2 U) 7 = 1 from which one deduce that G is a Hurwitz 
group. Moreover, using an isomorphism between the two presentations one 
has two generating triplets (£7,T,T 2 [7), (U' ,T' \T' 2 U') such that T 2 U and 
T' 2 U' belong to different conjugacy classes. The outer automorphism group 
of G has order 2 and the two conjugacy classes of elements of order 7 are 
fixed under the action of the outer automorphisms of G. This gives rise to 
non isomorphic genus 17 curves Xi and X 2 with automorphism group G (see 
for instance Theorem 2.17 in |13]). 

In this paper we have chosen the presentation ([1]) as our definition of G. 
Using Gap one can check that the following gives us a representation of G as 
a permutation group 



that we use to represent some elements of G. Since Gap some times produces 
random character tables for a given group, we fix here the character table 
of G (see Table [T])that we used in our calculations. Representatives of the 
conjugacy classes are shown in Table |2]together with the size of the normalizer 
group in G of the cyclic group generated by a representative. 



Each presentation induces a pair of generators U,T given by 



U = P 2 Q, 
T = P 3 Q, 



(3) 
(4) 



P = (1,13,2,11,4,5,8)(3,10,6,14, 7,9,12) 
Q = (1,7,3, 4)(2, 11, 13,9,6,14,10,5), 



(5) 
(6) 
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Table 1: Character Table of G 





1A 


2A 


AA 


2B 


AB 


3A 


6A 


8A 


8B 


7A 


7B 


Xi 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


X2 


3 


3 


-1 


-1 


-1 








1 


1 


03 


01 


X3 


3 


3 


-1 


-1 


-1 








1 


1 


01 


03 


X4 


6 


6 


2 


2 


2 














-1 


-1 


X5 


7 


7 


-1 


-1 


-1 


1 


1 


-1 


-1 








X6 


7 


-1 


3 


-1 


-1 


1 


-1 


1 


-1 








XT 


7 


-1 


-1 


-1 


3 


1 


-1 


-1 


1 








X8 


8 


8 











-1 


-1 








1 


1 


X9 


14 


-2 


2 


-2 


2 


-1 


1 














Xio 


21 


-3 


1 


1 


-3 








-1 


1 








Xn 


21 


-3 


-3 


1 


1 








1 


-1 









Here 0j = ( j + C 2j + C 4j , C = e 2 ™/ 7 . 



Table 2: Representatives of the conjugacy classes of G 



Conjugacy class 


Representative 


N G (< h >) 


IA 


Identity 


1344 


2A 


(4, 7)(5,9)(8, 12)(10, 13) 


192 


AA 


(4,5, 7,9)(8, 10,12,13) 


64 


2B 


(2, 6)(4, 9)(5, 7) (8, 13)(10, 12)(11, 14) 


16 


IB 


(1, 3)(4, 5, 7, 9)(8, 13, 12, 10)(11, 14) 


64 


3.4 


(2, 4, 5)(6, 7, 9)(8, 10, 11)(12, 13, 14) 


12 


6,1 


(1, 3)(2, 4, 5)(6, 7, 9)(8, 13, 11, 12, 10, 14) 


12 


8,1 


(2, 4, 14, 12, 6, 7, 11, 8)(5, 13, 9, 10) 


32 


SB 


(1, 3)(2, 4, 11, 12, 6, 7, 14, 8)(5, 10)(9, 13) 


32 


7A 


(1, 2, 4, 8, 13, 11, 5)(3, 6, 7, 12, 10, 14, 9) 


21 


7B 


(1, 8, 5, 4, 11, 2, 13) (3, 12, 9, 7, 14, 6, 10) 


21 



Table 3: The characteristic polynomials of h\ 



fte7B 



w 2 


(A 


-0(a-c 2 )(a- 


C 4 ) 


w 3 


(A - 


-C 3 )(A-C 5 )(A- 


C 6 ) 


w 4 




(A 7 -1)/(A-1) 




w 5 ,w 6 ,w 7 




(A 7 - 1) 
(A 7 -1)(A-1) 




w 8 






Wg 




(A 7 -If 




Wio,Wu 




(A 7 - I) 3 





Here C = e 2 ™/ 7 . 
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4 The action on the canonical line bundle 



One can characterize the Hurwitz curves X\ and X 2 in terms of the action of 
an element of order 7 on their canonical line bundles Kxj, j=l,2. Let dxjh 
be as defined in $2j 

Lemma 4.1. Let h £ 7B. For j = 1,2 we can assume that dx.h = 
(C 3J ",C 3J "- 2 ,C 3J_1 ' 4 ), where ( = e 2 ^ 7 . 

The proof is similar to that of Lemma 2.2 in [7J. 

So, from now on we denote by X\ to the curve such that the action of 
a representative hjB of the conjugacy class 7B gives the vector dx^hjB = 
(C\C 2 >C 4 ) an d by X 2 to the curve such that dx 2 h-jB = (C 3 ? C 5 ^ C 6 ) • N° w 
one can use [6j Theorem 1] to complete the Table HI and then compute the 
multiplicities a^d) of the representations Wj, % = 1, . . . , 11, in H°(Xj, K x ) 
(see Tables and E]) by using the Atiyah-Bott fixed-point theorem and the 
character table of G. 



Table 4: The fixed points and dxj{h) 



Conjugacy class of h 


Number of fixed points in Xj 


d Xj (h) 


2A 







IA 







2B 


8 


(-1,-1,-1,-1,-1,-1,-1,-1) 


W 







3A 


■1 




6A 







8A 







8B 







7A 


3 


(c 33 ,c 3J - 2 ,c 3J - 4 ) 


7B 


3 


(^S^ 1 ^3^ _1 -2 ^-v- 1 -^ 



Here ui = e W3. 
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Table 5: Decomposition of H°(Xi, K^) 



d 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


ai(d) 

















1 

















1 





1 











1 





1 


02(d) 


1 

















1 


1 


1 





1 





1 


1 


2 


1 


1 


1 


1 


1 


0.3(d) 








1 





1 











1 


1 


1 


1 


1 





1 


1 


2 


1 


2 


1 


04(d) 





1 





1 





1 





2 


1 


2 


1 


2 


1 


2 


2 


3 


2 


3 


2 


3 


0.5(d) 








1 





1 


1 


1 


1 


2 


1 


2 


2 


2 


2 


3 


2 


3 


3 


3 


3 


a,6(d) 








1 





1 


1 


1 


1 


2 


1 


2 


2 


2 


2 


3 


2 


3 


3 


3 


3 


07(d) 








1 





1 


1 


1 


1 


2 


1 


2 


2 


2 


2 


3 


2 


3 


3 


3 


3 


a s (d) 











1 


1 


1 


2 


1 


1 


2 


2 


2 


3 


3 


2 


3 


3 


3 


1 


■1 


09(d) 


1 





1 


1 


2 


1 


3 


2 


3 


3 


1 


3 


5 


4 


5 


5 


6 


5 


7 


6 


010(d) 





1 


1 


2 


2 


3 


3 


1 


4 


5 


5 


6 


6 


7 


7 


8 


8 


9 


9 


10 


aii(d) 





1 


1 


2 


2 


3 


3 


4 


4 


5 


5 


6 


6 


7 


7 


8 


8 


9 


9 


10 



Table 6: Decomposition of H°(X 2 , K^- ) 



d 


1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


11 


12 


13 


14 


15 


16 


17 


18 


19 


20 


01(d) 

















1 

















1 





1 











1 





1 


02(d) 








1 





1 











1 


1 


1 


1 


1 





1 


1 


2 


1 


2 


1 


03(d) 


1 

















1 


1 


1 





1 





1 


1 


2 


1 


1 


1 


1 


1 


04(d) 





1 





1 





1 





2 


1 


2 


1 


2 


1 


2 


2 


3 


2 


3 


2 


3 


15(d) 








1 





1 


1 


1 


1 


2 


1 


2 


2 


2 


2 


3 


2 


3 


3 


3 


3 


a e (d) 








1 





1 


1 


1 


1 


2 


1 


2 


2 


2 


2 


3 


2 


3 


3 


3 


3 


07(d) 








1 





1 


1 


1 


1 


2 


1 


2 


2 


2 


2 


3 


2 


3 


3 


3 


3 


a s (d) 











1 


1 


1 


2 


1 


1 


2 


2 


2 


3 


3 


2 


3 


3 


3 


4 


■1 


ag(d) 


1 





1 


1 


2 


1 


3 


2 


3 


3 


1 


3 


5 


4 


5 


5 


6 


5 


7 


6 


010(d) 





1 


1 


2 


2 


3 


3 


4 


4 


5 


5 


6 


6 


7 


7 


8 


8 


9 


9 


10 


011(d) 





1 


1 


2 


2 


3 


3 


4 


1 


5 


5 


6 


6 


7 


7 


8 


8 


9 


9 


10 



5 The quadratic equations and the matrix rep- 
resentation of G 

From Tables and O we have 

H°{X u K Xi ) = W 9 ©W m , i=l,2, (7) 
and 

H\x h Kf) = w 4 ew 10 ew u . (8) 
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Table 7: Decomposition of S d (\N 9 + W 2 ) 



d 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


o\(d) 


1 





1 





9 


5 


85 


137 


637 


1385 


4210 


02(d) 





1 





1 


6 


57 


145 


594 


1565 


4716 


11616 


0.3(d) 











5 


6 


57 


145 


594 


1562 


4716 


11619 


04(0!) 








3 


1 


34 


71 


387 


1010 


3473 


8843 


24274 


0.5(d) 











8 


20 


118 


374 


1324 


3761 


10814 


27442 


ae(d) 











8 


19 


117 


367 


1317 


3743 


10796 


27391 


07(d) 











8 


19 


117 


367 


1317 


3743 


10796 


27391 


as(d) 








1 


5 


32 


123 


447 


1470 


4398 


12171 


31680 


og(d) 





1 





13 


41 


234 


725 


2646 


7486 


21564 


54810 


010(d) 








3 


13 


80 


306 


1187 


3783 


11569 


31765 


83234 


an(d) 








3 


13 


SO 


306 


1187 


3783 


11569 


31765 


83234 



Table 8: Decomposition of S d (\N 9 + W 3 ) 



d 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


ai(d) 


1 





1 





9 


5 


85 


137 


637 


1385 


4210 


02(d) 











5 


6 


57 


115 


594 


1562 


4716 


11619 


03(d) 





1 





•1 


6 


57 


145 


594 


1565 


4716 


11616 


04(d) 








3 


1 


31 


71 


387 


1010 


3473 


8843 


24274 


05(d) 











8 


20 


118 


374 


1324 


3761 


10814 


27442 


a 6 (d) 











8 


19 


117 


367 


1317 


3743 


10796 


27391 


07(d) 











8 


19 


117 


367 


1317 


3743 


10796 


27391 


a,8(d) 








1 


5 


32 


123 


447 


1470 


4398 


12171 


31680 


09(d) 





1 





13 


11 


234 


725 


2646 


7486 


21564 


54810 


aio(d) 








3 


13 


80 


306 


1187 


3783 


11569 


31765 


83234 


an(d) 








3 


13 


80 


306 


1187 


3783 


11569 


31765 


83234 



Table 9: Decomposition of S d \N$ 



d 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


1 


1 





1 





■1 


2 


34 


40 


183 


332 


922 


2 











2 


3 


22 


53 


181 


433 


1140 


2501 


3 











2 


3 


22 


53 


181 


433 


1140 


2501 


■1 








2 





18 


28 


146 


308 


980 


2120 


5284 


5 











4 


10 


16 


140 


408 


1047 


2612 


5922 


6 











5 


9 


50 


133 


417 


1030 


2643 


5878 


7 











5 


9 


50 


133 


417 


1030 


2643 


5878 


8 








1 


2 


17 


48 


165 


454 


1230 


2928 


6863 


9 





1 





7 


20 


100 


260 


843 


2060 


5267 


11772 


10 








2 


8 


39 


130 


431 


1200 


3200 


7740 


17928 


11 








2 


8 


39 


130 


131 


1200 


3200 


7740 


17928 



So we assume that Xi C P 16 = P(V*), where V; has the structure of the 
representation W 9 © W i+1 . From Tables [7] and [8] we have 

S 2 (V t ) = Wx © © W 8 © \N% © \N 3 n , i=l,2. (9) 
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Table 10: Decomposition of S d \N2 



d 0123456789 10 



tti(d) 1000101010 1 

o 2 (d) 0100010112 

o 3 (d) 0001010102 1 

04(d) 0010102031 4 

05(d) 0001011213 2 

a 6 (d) 0000000000 

ar(d) 0000000000 

a 8 (d) 0000111222 3 

a 9 (d) 0000000000 

aio(d) 0000000000 

011(d) 0000000000 



Table 11: Decomposition of S W3 



d 





1 


2 


3 


4 


5 


6 


7 


8 


9 


10 


ai(d) 


1 











1 





1 





1 





1 


02(d) 











1 





1 





1 





2 


1 


03(d) 





1 











1 





1 


1 


2 





04(d) 








1 





1 





2 





3 


1 


4 


o 5 (d) 











1 





1 


1 


2 


1 


3 


2 


06(d) 



































o 7 (d) 



































08(d) 














1 


1 


1 


2 


2 


2 


3 


09(d) 



































aio(d) 



































aii(d) 




































It follows that 

#°(P 16 ,Z Xi (2)) = Wi © W 2 © W 8 © W 2 © \N 2 m i=l,2. (10) 



Where Xv. denotes the ideal sheaf of X; in P 16 . From now on we will use the 



notation 

I Xt (2) = H\V l \l Xt (2)). 

We have 

7T Wi (/ Xi (2)) = V (S 2 V,), (11) 

and 

7r Ws (/ Xi (2)) = 7 r W8 (5 2 V J ). (12) 

The remaining spaces 7r W4 (J Xi (2)), tt Wio (I Xl ( 2 )) and %fe( 2 )) wil1 be 
found in Sections RjfTl and |H] below. 
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For calculations we fix an action of G on P 16 . In Vj (respectively V* ) we con- 
sider a basis {yx, . . . , y 17 } (respectively the dual basis {e\, . . . , e^}). Some- 
times we use the following subspaces of V* 



V 



V 



< 2/15, 2/16, 2/17 > • 



< J/i, • • • ,2/14 >, 



(13) 
(14) 



With respect to these bases, the action of the generators P and Q on Vj 
(respectively V*) is given by the matrices diag(P Wg , P w . +i ) and diag(Q Wg , Q w . +i ) 
(respectively the inverse transpose of these matrices), where the matrices 
P w > Qw ; J = 9, 2 are defined in formulae (USD, <[TS)t . ffTTj) and(JTBI) (recall 
that cu = e 2 "^ 3 and £ = e 2 " 1 "/ 7 ). The matrices P w , Q W3 could be taken as 
the respective inverse transpose of P W2 , Q W2 however we will focus only on 
the curve X\. 

Remark 5.1. One can identify G with a subgroup of Aut(G). The action 
of G extends to an action of Aut(G) on Vi. So the exterior automorphisms 
move X\ C P(Vj) giving rise to another copy X[ C P(V^) of X\. For instance, 
we can assume Aut(G) =< P,Q,E >, where E is such that the action on 
Vx is given by the matrix diag(Pvv 9 , Pw 2 ), where Pw 9 and -Ew 2 are defined 
in formulae (fT9l) and (I21jl respectively. 

Remark 5.2. Let Y denote the Klein quartic. We have that Y is isomorphic 
to the quotient Xi/N for i = 1,2, where iV is the normal subgroup of G 
generated by the involutions in the class 2A. Let /j : Xi H- Y be the 
quotient maps. Then we have that the action of G induced on Y from X\ or 
X-i is such that dyhiB = (C\ C 2 , C 4 ) or <^y^7B = (C 3 , C 5 , C 6 ) respectively. The 
action induced by fi or f2 gives H°(Y, Ky) the structure of the representation 
W2 or W3 respectively. Since f*Ky — Kx { , we see that fi can be recovered 
by composing the canonical embedding Xi C P(V*) with the projection 7Tj : 



P (V?) P( V * i+i ). 




(15) 




(16) 
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Ul 2 


\ 









































UJ 


























1 

















































1 

















































— ^ 


2 

















































—ui 





























-UJ 2 

















































— Ul 






























—Ul 


2 





























































































Ul 



















































UJ 2 







































































— Ul 

















































-UJ 2 








/ 



























1 




















\ 
























1 





















































1 


















































1 



































Ul 2 












































Ul 










































































— Ul 












































-Ul 2 




















-UJ 2 










































—to 










































-UJ 2 












































— Ul 




















































































-1 












































-1 











/ 






















1 

























\ 



























-1 































Ul 2 







































- 


—Ul 
























































-Ul 2 












































Ul 

































-1 


















































1 








































































-1 


















































1 
























































— Ul 


















































Ul 2 






































-UJ 2 


















































UJ 








/ 



(17) 



(18) 



(19) 



(20) 



c-c 6 
-c + c 5 
-c 4 + c 5 



-c 2 + c 6 
-c 3 + c 4 



-c 2 + c 3 
-c + c 3 



-C 4 + C b c 2 -c 



(21) 
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6 The generators of 7r w (ixi(2)) 

Let h 7B = P%)P%> = (1,8,5,4,11,2,13)(3,12,9,7, 14,6,10) be the represen- 
tative of the conjugacy class 7B of G. From Table Owe see that /o(^7s)^2(W 4 ) 
has dimension 1. So, since W 4 is an irreducible CG-module, the subspace 
p(^-7s)c 2 ( 7r w 4 (^i(2))) generates 7T W (ixi(2)) as a CG-module. We shall find 
a point p £ Xi such that not all £ 2 -eigenquadrics of hjB m tt w (>S' 2 V 1 ) van- 
ish on p. Then the subspace p(h-jB) ( 2 (^ W4 (Ix L (^))) is the set of all the £ 2 - 
eigenquadrics of ^,75 in 7r w (S 2 Vi) that vanish on p. 

If p is a fixed point of K-jb in X\, then it lives in a subspace 
P(p(^7B)c i (Vi)) C P(V*) for some i. It can be checked that % = 6,5 or 3 if 
dh 7 B p = C\ C 2 or C 4 respectively. 

Now we will look for the fixed point p of Hjb in X\ lying on ¥(p(hrB)c 6 (yi))- 
Note that p(hjB)^{V* ig ) has dimension 2 (see Table [3]) and that fi(p) (see 
Remark 15. 2 p lies on the subspace p(^7s)fs(V* 2 ) which is one dimensional. 
Therefore we can assume that 

p = a . Vl + p . v 2 + v 3 , (22) 

where a,f3 G C and {vi,v 2 } and {v 3 } are bases for p(^7b)^(V* ) and 
p(^7b)c 6 ( V L) respectively. 

To find a and /3 we will evaluate on the point p the £ 2 -eigenquadric 
of h 7B in 7rw 8 (/xi(2)) ; namely 

q e = p(h 7B ) ( 2(7i Wg (yl)). (23) 

We take 

Vi = p{h 1B )^{ei), i = l,2 

and (24) 
^3 = p(^7s)c 6 (ei 7 ). 

We see that 

q e ( Vi ) ^0, i = l,2. (25) 

We assume that /3 = 1 since we always can move the fixed point p by a 
G-equivariant change of coordinates t\ : — > Ae^, z = 1, . . . , 14 and — >• e^, 
z = 15, 16, 17. So we have 

a 2 + l/7(-6£ - 4£ 2 + 4£ 4 - 3£ 5 - 2£ 8 + 3£ 10 + 6£ n - £ 13 + 2£ 16 + £ 17 - 2£ 19 + 2£ 20 ) = 0, (26) 
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where £ = e 2l7T ^ 21 . 

Notice that the corresponding points to each root of ( 12 6 p live in projectively 
equivalent curves in P(V*). One is obtained from the other by applying the 
exterior automorphism in Remark 15 . 1 1 followed by the equivariant translation 
t\ with suitable A. 

Now, a basis for the £ 2 -eigenspace of h?B\ 2 * s gi ven by b 2 , b%}, 

where 

61 = p(^7b)c 2 (7t W4 (^)) ; 

b 2 = p(h 7B ) C 2(7r W4 (y 1 y 2 )), (27) 
^3 = v\t 

Evaluating on p one proves that bi(p) ^ 0, i — 1, 2, 3. Thus the quadrics 

A = h(p)b 2 - &2(p)&i and tf 2 = 6i(p)6g - & 3 (p)&i (28) 
form a basis for the C 2 -eigenspace of /i 7 si ,„„. 

7 The generators of 7T Wio (/xi(2)) 

We shall find linearly independent elements 9\, 9 2 , 63 G 7r Wio (5' 2 V 1 ) such that 
the G-module generated by each one of them is isomorphic to W10 and such 
that 9x,9 2 , #3 are G- equivalent, meaning that if (j)^ is an isomorphism of G- 
modules from the G-module generated by 9i to that generated by 9j then 
4>ij{@i) = ^ij&j f° r some Ay G C\{0}. We take 9,i to be a £ 2 -eigenquadric 
of h 7 B\ , • Let p be the fixed point of h 7B we found in Section O If 

^(p) ^ 0, i = 1,2,3 then 



Pi = 9 1 (p)9 2 - 9 2 (p)9 1 , 
P2 = 9 1 (p)9 3 - 9 3 (p)9 1 



(29) 



generate 7r w (J Xl (2)). 
We first notice that 



S 2 Vx = S 2 V 19 ©5 2 V 12 © V 19 (8)V 12 . (30) 
Using that (see Tables |9][T0~]) 



s 2 v 19 = Wxew^eWgew^ew 2 !, 
5 2 v, 2 = w 4 , 



(31) 
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one concludes that 

V lj9 ®V lj2 = Wio©Wn. (32) 
Then we define an isomorphism of G-modules 

(V li9 ® V li2 ) © tt Wio (V 1|9 ® V 1>2 ) -). K^JSPV^). 

So given 

^ie7r Wl0 (V li9 (8) V M ) 

one can take 

To construct g Wio we consider the bases Bi of 7r Wl0 (V 19 (g) V 12 ) and i? 2 of 
7r w (S' 2 V 1 9 ) given in formulae (135]) and ( |37|) . Let A, C be the matrix rep- 
resentations of G corresponding to the action on 7r w (V 19 ® V 12 ) and on 
7r Wio (S' 2 V 1 9 ) with respect to these bases. If M is a 42 x 42 complex matrix 
such that det S ^ 0, where S given by equation (13"4"|) . then one can take £> Wio 
to be the linear map induced by S with respect to the bases BiijBi and _B 2 . 

S = Y,C h -M - diag(A h , A h )-\ (34) 
For our calculation we use M = I 42 the identity matrix. 



where 



fix = £ 2j -,£ 3 j I j = 1...7}, (35) 

iij = p(h 7B ) (J (Q ■ fii, 2 ), for j 7^ 2, 
*i,2 = p(^)c 2 ( 7r w 1 o (x/i2/is)), (36) 
= p(h 7 B)c 2 (Q ■ ^,2)- 

^2 = «2J, K 4,j, K 5 j, « 6 J I J = 1 • • • 7}, (37) 



where 



Kij = p(h 7B )ci(Q ■ «i,2), for J 7^ 2, 

«1,2 = P(^7i?)c 2 ( 7r w 1() (^1^3)), 

k 42 = p(h 7B ) C 2(Q ■ p{h 7B )^(Q ■ k 1j2 )), 
«i+i,2 = p{hjB)c 2 {Q ■ ^,2), for z = 1,2,4,5. 
We take 6<i = fc 1>2 . Then 

^2 = Si=l s i+6,4 K i,2, 
^3 = J2i=l s i+6,25 K i,2- 



(38) 



(39) 
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8 The generators of 7r w (1x^2)) 

The situation is similar to that of 7r (Jx 1 (2)). We define an isomorphism 
of G-modules 

(V,,® V 1>2 ) © 7T Wu (V li9 ® V li2 ) -+ 7T Wii (5 2 V lj9 ). 

which corresponds to a matrix 

5^^^-M^-diagK,^)- 1 . (40) 

h£G 

where A', C are the matrix representations of G corresponding to the action 
on 7r w (Vj 9 <S> V t 2 ) and on 7r w {S 2 \/ 1 9 ) with respect to fixed bases and _B 2 
respectively ( see formulae (14"T1) . fj4*3|) ). We use Mq = ^ the identity matrix. 
Then p[ and p' 2 in formula (14T)|) generate 7r (ixi(2)). 

= {^,r'4.r'4 ; ./ I---), (41) 

= P{h 7 Bh{Q -K,2), for jV2, 
&'i,2 = p( h 7B)e(n Wii (yiyi 5 )), (42) 

-^2 = K 2,j5 K 3j> K 4j5 K 5,j' K 6J I J = 1 • • • 7}, (43) 



where 



where 

4,j = p( h 7B)(i{Q ■ K? if2 ), for j ^ 2, 

4,2 = p(h7B)^(Q ■ p{h 7B )e{Q ■ «i, 2 )) ; 

4+1,2 = p( h 7B)e(Q ■ 4,2) for « = 1,2,4,5. 
Taking 6^ = 1^ 2 we take 



(44) 



^2 — Si=l S i-"- f 



l 

1+6,4^1,2 5 



(45) 



^3 ~~ Si=l S 'i+6,25 K 'i,2- 

One checks that 0' l {p)9' 2 {p)9'. i {p) ^ 0. So we define 

= W 3 - Wv [ ' 

Although one can speed up the calculation of (I34p and f )40|) by using rep- 
resentatives of cosets of a subgroup of G, the computation was still very 
slow. 
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9 A basis for /xi(2) 



Here we define a basis for ixi(2) by giving bases Di, i = 1,4, 8, 10, 11, for the 
subspaces ir w (Ix 1 (2)). Let a be a solution of (126]) and p be the corresponding 
point. Let be as defined in (123]) . Let i?i,i?2 be as defined in (128]) . Let 
pi,p2)p'i an d P2 ^ e as defined in (|2"9"]) and (l46p respectively. Then we have 



Di ={di,7,i}, (47) 
where d 1)7A = n^ym). 

D 4 =D 4A UD 4 , 2 , (48) 
where D 4)i = {d 4tjti | j=l,- ■ ■ ,6.}, z'=l,2, 
and d 4 ,j,i = p(h 7B )& (Q ■ 

L> 8 =Ki,i|i=l,...,7.}U{4,7, 2 }, (49) 
where 

= p(h 7B ) (] (Q ■ g c a), 

4,7,2 = P(/i7i?)l(<5 2 • ?C 2 )" 

Ao =^10,1 U D 10)2 , (50) 
where Di 0|i = 
i?! is defined in formula (j35p and 

06»i, ^ : CG <9l> — >■ CG <Pi> 

is the isomorphism of G-modules that maps 6*i to pj. We write 

d>W,j,k — 06»i,pi(^fcj); 
^10,j,/c+3 =00i,p 2 (%,j); k = 1,2, 3. 

One has for instance 

^10,2,1 —pl, 

rfio,2,fc+i =p(h 7 B)c 2 (Q ■ dio,2,k), k=l,2. 

dioj,* =p( h 7B)^(Q ■ dio,2,fc), J=l,3,4,5,6,7, fc=l,2,3. 
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Similarly we define 

D u =D 11A UD n & (51) 
where 

= {^iij,3(i-i)+fe I j=l,- • • ,7, fc=l,2,3.}, i=l,2. 

and 

10 The space of cubic forms 

Our main conclusion is the following theorem. 

Theorem 10.1. The homogeneous ideal of the canonical embedding of Xi in 
P 16 is generated by the quadratic forms in it. 

For the proof we used the basis defined in Section [9]to show that the space 
of cubic forms generated by ixi(2) is Ix 1 (3), namely Vi ■ Ix 1 (2) = 7^(3). To 
do that it is enough to show that 7T w .(Vi • Jx 1 (2)) = tc w (ixi(3)), z =1,. . . ,11. 

So we computed the dimensions for the eigenspaces p(h 7B )^ ^7r w (vi ■ r Xl (2)) J , 

for some j. Thus the multiplicity of the representation Wj in 7r w (Vi • 7xi(2)) 
can be deduced from the information in Table p In Table [Tj] we list the 
dimensions of the spaces p{hjB)^ (^w ( v i - 7 Jti( 2 ))T an d we also list bases for 
these spaces. On the other hand, from Tables and [7] we have 

h°(x u k$*) =w 3 e w 5 e w 6 © w 7 © w 9 e Wio ® Wu, 

and 

s 3 (y 1 ) =\n* © \n 5 3 © w 4 © w| © © w? © © w* 3 © w} 3 © w} 3 , 

then 

H a (P 16 ,l Xl (3)) © © W 4 © © © W£ © W| © W* 2 © Wj 2 © Wj 2 . (52) 
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Table 12: Generators for Ix 1 {^) 



dimension of 



basis for 

(Vi'^(2))) 



Wi,- 
W 2 ,2 

W 3 ,3 
W 4 ,2 

W 5 ,2 

W 6 ,2 

W 7 ,2 
W 8 ,2 

Wg,2 



Wio,2 



Wn,2 



21 



36 



36 



S 



V 




[2/i6]f2<ii,7,i, birlfids.i.i, 1\ 
[yi]^odio,2,ii [j/i]^odio,2,4 Jy 

[2/ir]fl<i4,2,l: [yi7] C 1^4,2,2, 1\ 
[2/l] ? ldl0,2,l, [j/i] c idio,2,4 // 

^4 ({[?/17] C lrf8,l.l}) 

[2/ir]^i<i4,i,i, [2/ir]fid4,i,2, [2/i7]fid8,i,ii 
[i/l]fidlO,l,li [?/i]c ld i0,i.2! [2/l]fidlO,l,4i 
Pu-i Li tii 1 i i 



[l/i]{idn,i,i 

[W.]fld8,l>l> fel]cl d 4,l : l. [!/l]fld4,l,2, "IX 

[j/l]fldlO,l,lj [j/l] ? lrfl0,1.2> [2/l]^ldl0,l,4; > 

[j/l] C lrflO,l,5 J/ 

[j/l] C l<i8,l,l> l^.l.li [yi]fl d 4,l,2! ]\ 

[l/i]fi<iio,i,i> [2/11^1^10,1,4, [j/ir]^i<ilo,l,l, > 1 

[yi7] c ia!l0,l,4 }) 

b/i]fidio,i,i, [j/i] c idio,l,2, b/i]fidio,i,4, V\ 

[2/i] c i<2li,i,l> [j/i] f idli,i,a jy 
/ [j/i]fi [£>4] f i U [2/ 2 ] c i [D 4 ] c i U tyi] C 3 [D 4 ] C 6 U - 
[2/2] c3 [-D4] f6 U [yi] c i[Dio] ( i u 
[2/l]fld8,l,l: [j/2]fld8,l,li fef2]fl<il0,l,l! 



1,1,1: Ly^Jfl "-8,1,1 1 Ly^J<;l "lU,!,! i 
[j/2]fl<ilo,l,2 [j/ir]fldlO,l,l! [j/17] c ia!l0,l,2 

[2/i]f2<iio,r,ii [2/2]{i<iio,i,4, [2/2]^i<iio,i,6 
[yi7]^i<iio,i,4 
[yi] c i [D 4 ] c i U [jftj] c i [£> 4 ] { i U [yi] {3 [£> 4 ] C 6i U 
[3/llc= [ D 8] C 7 U [j/2] C 2[D g ] c7 U [m. 7 ] c i[Du] CI U 
[l/i] c i[-Di(u] ( i U [y 2 ] c i[Dio,i] cl U 

[j/l] C 2[-DlO,l] f 7 U[2/2] C 2[OlO,l] f 7U 

f [3/i]fitfe,i,i) [^2)^1^8,1,1, [j/ir]^idio,i,i, 

-J [2/171^1^10,1,2, [jfl6j£2dl0,7,l, [2/l 7 ]fl<il0,l,4i # 

\ t [yir](idio,i,5, [2/i6]f2<iio,r,4 J / 

/ [yil c i P 4 ] c i U [jftslfi [-D4] f i u [yi] f3 [£>4] c6 U ' 
[yi} ( 2 [D 8 ] (7 U [y 2 ] C 2 [D 8 ] c7 U [y 17 } (1 [D 10 ] ( i I 
[|/i] c i[-Dio,i] ( i U [y 2 ] c i[Di 0i i] c i U 
[yi] C 2 [-Dio,i] C 7 U [y 2 ] C 2 Pio,i] C 7 U 

[^11^1^8,1,11 [V2\(ld8,l,l, [j/l 7 ]^lrfll,l,l, 
[2/17]f 1^11, 1,2, [j/16]^2<ill,7,2, [2/l 7 ]fldll,l,4, 
[j/ir]fldll,l,Bi [yi6] t 2<ill,7,4 



Here we write [yr] ( j = p(h 7 B) ( j (yr) and [D t ] (v = {d iJtk G D, \ j = v mod 7}. 
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11 The genus 14 case 



Let X\ be the Hurwitz curve of genus 14 considered in [TJ. Using the quadrics 
in the Theorem 2.5 of [7] one also proves the following. 

Theorem 11.1. The homogeneous ideal of the canonical embedding of X\ in 
P 13 is generated quadrics. 

We proceed exactly as in the proof of Theorem llO.il In this case we used the 
Table [TBI below, the Table 3 in [7J and the decomposition of if°(P 13 ,Xx 1 (3)) 
into a sum of irreducible representations of PSL(2, F13). That is (use Tables 
5 and 8 in [7J), 

#°(P 13 ,I Xi (3)) =Wij © © © W° © © \N 5 7 © © W®. (53) 

When computing the quadrics in Theorem 2.5 of [7J one should have into 
account two misprints: the first in the definition of e, (before formula (9)) 
where e 2 should be equal to p{hiA)^i{e^) and the second in the definition 
of q (also before formula (9)) where q = pihjAj^^^^yl)) should be q = 
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Table 13: Generators for /xi(3) in the genus 14 case. 



Wi,j 



dimension of 



basis for 
p{h 13A ) vj (ir w . (Vi-J Xl (2))) 



Wi,- 
W 2 ,2 

W 3 ,l 

W 4 , 1 

W 5 , 1 

W 6l l 

W 7 , 1 

W 8 ,l 

W 9 ,l 



w n [2/i]„3c!5,i2,i,biL,id6,i,i, 

W2 VI [2/l]„l d 7,l,l, [j/llyl^S.l.H [l/ll^lrfs.l.S 
[»l]„3£fe,12,l, [j/l]„2Cfe,12,l, 
[2/l]„l rf 7,13,l, [2/l]^lrf8, 13,1 [2/l]„l rf 8,13,2 

[•yi]„2C(5,12,l, [j/iLa^.n,!. 
[j/l], y 2de,12,l> [l/l]„3 d 6, 11,1 [j/l]„ld7,13,l 

[!/l]„3ds,il,i, [2/l]„4(i5,iQ,l, [uiLade.ia.li 
[yi]„3tJ6,ii,i) [j/i]„id7,i3,ii [yi]„2dr,i2,i 
[!/l]„2<is,i2,i) [2/l]„3<i5,il,l, [2/i]„3<i6,ii,i, 
[s/i]„4d6,io,i, [s/ili/i d 7, 13,1 

[!/l]„2d5 J l2,l, [j/l]„3 1*5,11,1, [2/l]„2<%,12,l, 

[2/l]„3d6,ll,l, [j/lLl 1*7,13,1 
[l/l]„2«*B,12,l> [2/l]„3<*5,ll,l, [2/l]„2<*6,12,l> 

[2/l]„3Cfe,ll,l 
[2/l]„l<*8,13,l, [i/l]„ld8,13,2, [2/l]„2(*8,12,l, 

[2/i], y 3fi7,ii,i, ij/ii^cfe.ia.i, bfi]„3d5,ii,ii 

[ill]„2<*6,12,l, [2/l]„3<*6,ll,l 



Using the notation of [7] we write Vi =< j/i, . . . , 2/14 >, 
[l/r]^ = P^ISA)^ for™" = e 21 " 713 , 

<*i,j,i = p(^13a)„ 3 (tw 5 (2/|)) for * = 5,6 and j = 1 ... 12, 
<*7,j,i = pCii3A)„j (/i7A ■ go) for j = 1 . . . 13, 
<*8,j,2fc-l = p(hi3A)„j (h 7A ■ tffc) for fe = 1,2 and j = 1 ... 13, 
<*8,j,2fc = p(^13a)„j (/i?_ 4 ■ 0fc) for fc = 1,2 and j = 13. 



Acknowledgments. Some calculations were carried out at the KanBalam 
supercomputer of DGTIC-UNAM. 
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